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The heat equation for the Dirichlet fractional
Laplacian with negative potentials: Existence and
blow-up of nonnegative solutions
Ali BenAmor∗†& Tarek Kenzizi‡
Abstract
We establish conditions ensuring either existence or blow-up of nonnegative solu-
tions for the heat equation generated by the Dirichlet fractional Laplacian perturbed
by negative potentials on bounded sets. The elaborated theory is supplied by some
examples.
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1 Introduction
In this paper, we discuss the question of existence as well as blow-up of nonnegative
solutions for negatively perturbed Dirichlet fractional Laplacian on open bounded subsets
of Rd.
For every 0 < α < min(2, d) and every open bounded subset Ω ⊂ Rd, we designate by
L0 := (−∆)
α
2 |Ω the fractional Laplacian with zero Dirichlet condition on Ω
c (as explained
in the next section). We consider the associated perturbed heat (or parabolic) equation


−
∂u
∂t
= L0u− V u, in (0, T )× Ω,
u(t, ·) = 0, on Ωc, ∀ 0 < t < T ≤ ∞
u(0, ·) = u0, ∈ Ω,
(1.1)
where u0 ≥ 0 is a Borel measurable square integrable function on Ω and V ∈ L
1
loc(Ω) is a
positive Borel function. The meaning of a solution for the equation (1.1) will be explained
in the next section.
We emphasize that the potential V is not supposed to be in the (generalized) Kato class,
so that the standard perturbation theory of Dirichlet forms does not help any more to
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decide wether a nonnegative solution occurs or not.
Even for the special case of a Hardy potential
V (x) =
c
|x|α
, x 6= 0, c > 0 (1.2)
only partial information about the problem are established in the literature, to our best
knowledge. Indeed, if 0 ∈ Ω one derives from the paper of Beldi–Belhaj Rhouma–
BenAmor [BRB13], that for every 0 < c ≤ c∗ :=
2αΓ2(d+α
4
)
Γ2(d−α
4
)
, a nonnegative solution exists.
However, there is no answer for c > c∗.
Our main task in this paper is to shed some light towards solving the problem by giving
conditions ensuring existence as well as blow up of nonnegative solutions for (1.1).
Focusing on nonnegative solutions is motivated, among other reasons, by the fact that
they are physical solutions on one hand and on the other one by the significance of the
above considered operators in physics and in other area of natural sciences. For instance,
the case α = 1 corresponds to the nonrelativistic Schro¨dinger equation, whereas the gen-
eral case models the so called Le´vy motion or Le´vy flights. For more about aspects of
applications of the fractional Laplacian we refer the reader to [DSU08]. A prototype of
application in biology is illustrated in [HWQ+12].
The inspiring point for us was the papers of Baras–Goldstein [BG84], Cabre´–Martel
[CM99] and Goldstein–Zhang [GZ03] where the problem was addressed and solved for
the Dirichlet Laplacian (i.e. α = 2) on Lipschitz domains. In the latter cited papers, the
authors proved, in particular, that existence and nonexistence of nonnegative solutions in
the case where the principal part of the equation is the Dirichlet Laplacian (or an elliptic
operator) is related to the size of the bottom of the spectrum of the operator −∆|Ω − V .
However, there is a substantial difference between the Laplacian and the fractional Lapla-
cian. Whereas it is known that the first one is local and therefore suitable for describing
diffusions, the second one is nonlocal and commonly used for describing superdiffusions
(Le´vy flights). These differences are reflected in the way of computing for both operators
(Green formula, integration by part, Leibnitz formula....).
Nonetheless, we shall show that the method used in [CM99, GZ03] still apply in our
setting. Especially, for the instantaneous blow-up part, which is the major novelty of
this paper, adequate generalization of the intermediate results to the nonlocal case are
established (see in particular, formula (2.26) and Theorem (4.1)). These extensions make
it possible to carry over the method to the nonlocal setting.
As a conclusion we approve that the used method provides a unified approach for handling
the local as well as the nonlocal case.
2 Preparing results
To state our main results, it is convenient to introduce the following notations.
From now on we fix an open bounded subset Ω ⊂ Rd with Lipschitz boundary, a real
number α such that 0 < α < min(2, d).
The Lebesgue spaces L2(Rd, dx), resp. L2(Ω, dx) will be denoted by L2, resp. L2(Ω) and
their respective norms will be denoted by ‖ · ‖L2, resp. ‖ · ‖L2(Ω) . We shall write
∫
· · · as
2
a shorthand for
∫
Rd
· · · .
The letters C, c, C
′
will denote generic positive constants which may vary in value from
line to line. We shall also use the notation f ∼ g to mean that there are constants c, c′
such that cg ≤ f ≤ c′g.
As far as concepts related to Dirichlet forms we refer the reader to [FOT11].
Consider the bilinear symmetric form E defined in L2 by
E(f, g) =
1
2
A(d, α)
∫ ∫
(f(x)− f(y))(g(x)− g(y))
|x− y|d+α
dxdy,
D(E) = W α/2,2(Rd) := {f ∈ L2 : E [f ] := E(f, f) <∞}, (2.1)
where
A(d, α) =
αΓ(d+α
2
)
21−απd/2Γ(1− α
2
)
. (2.2)
Using Fourier transform fˆ(ξ) = (2π)−d/2
∫
e−ix·ξf(x) dx, a straightforward computation
yields the following identity (see [FLS08, Lemma 3.1])
∫
|ξ|α|fˆ(ξ)|2 dξ = E [f ], ∀ f ∈ W α/2,2(Rd). (2.3)
It is well known that E is a transient Dirichlet form and is related (via Kato representation
theorem) to the selfadjoint operator, commonly named the fractional Laplacian on Rd, and
which we shall denote by (−∆)α/2. We note that the domain of (−∆)α/2 is the fractional
Sobolev space W α,2(Rd). Having formula (2.3) in hands one can explicitly evaluate the
fractional Laplacian:
(−∆)α/2f(x) = F−1
(
| · |αfˆ
)
(x), ∀ f ∈ W α,2(Rd). (2.4)
For an alternative and very interesting construction of the fractional Laplacian as a bound-
ary operator we refer the reader to the paper [CS07].
Set L0 := (−∆)
α/2|Ω the localization of (−∆)
α/2 on Ω, i.e., the operator which Dirichlet
form in L2(Ω, dx) is given by
D(EΩ) = W
α/2,2
0 (Ω) : = {f ∈ W
α/2,2(Rd) : f = 0 q.e. on Ωc}
EΩ(f, g) = E(f, g)
=
1
2
A(d, α)
∫
Ω
∫
Ω
(f(x)− f(y))(g(x)− g(y))
|x− y|d+α
dx dy +
∫
Ω
f(x)g(x)κΩ(x) dx,
where
κΩ(x) := A(d, α)
∫
Ωc
1
|x− y|d+α
dy, (2.5)
and the notation q.e. means quasi-everywhere with respect to the E-capacity.
The Dirichlet form EΩ is regular, transient and the associated semigroup is irreducible
even if Ω is not connected.
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Let pt(x, y), t > 0, x, y ∈ Ω be the heat kernel of the semigroup e
−tL0 . It is known (see
for instance [BGR10]) that p is jointly continuous on (0,∞)× Ω× Ω and
0 < pt(x, y) = pt(y, x) ≤
C
td/α
, ∀ t > 0, x, y ∈ Ω. (2.6)
For every 0 < T ≤ ∞, we set C∞c
(
[0, T ) × Ω
)
the usual space of infinitely differentiable
functions on [0, T )× Ω, having compact support in [0, T )× Ω.
We are in position at this stage to give the notion of solution for the heat equation (1.1).
Definition 2.1.
Let V ∈ L1loc(Ω) be nonnegative, u0 ∈ L
2(Ω) be nonnegative as well and 0 < T ≤ ∞.
We say that a Borel measurable function u : [0, T ) × Rd → R is a solution of the heat
equation


−
∂u
∂t
= L0u− V u, in (0, T )× Ω,
u(t, ·) = 0, on Ωc, ∀ 0 < t < T ≤ ∞
u(0, x) = u0(x), for a.e. x ∈ Ω,
(2.7)
if
1. u ∈ L2loc
(
[0, T ), L2loc(Ω)
)
, where L2 is the Lebesgue space of square integrable func-
tions.
2. u ∈ L1loc
(
(0, T )× Ω, dt⊗ V dx
)
.
3. For every t > 0, u(t, ·) = 0, a.e. on Ωc.
4. For every 0 ≤ t < T and every Borel function φ : [0, T ) × Rd such that supp φ ⊂
[0, T )× Ω, φ, ∂φ
∂t
∈ L2((0, T )× Ω), φ(t, ·) ∈ D(L0), ∀ t and
∫ t
0
∫
Ω
u(s, x)L0φ(s, x) ds dx <∞
the following identity holds true
∫
Ω
(
(uφ)(t, x)− u0(x)φ(0, x)
)
dx +
∫ t
0
∫
Ω
u(s, x)(−φs(s, x) + L0φ(s, x)) dx ds
=
∫ t
0
∫
Ω
u(s, x)φ(s, x)V (x) dx ds. (2.8)
A function φ as indicated in Definition 2.1 will be called a test function.
Henceforth our main task is to demonstrate that existence and blow-up of nonnegative
solutions of the mentioned heat equation is deeply related to the size of
λV0 := inf
φ∈C∞c (Ω)\{0}
EΩ[φ]−
∫
φ2 V dx∫
φ2 dx
. (2.9)
To that we shall need some preparing results.
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Proposition 2.1. Assume that V ∈ L∞(Ω). Set LV the selfadjoint operator associated
to the closed quadratic form
EV : D(EV ) =W
α/2,2
0 (Ω), E
V [f ] = EΩ[f ]−
∫
Ω
f 2V dx, (2.10)
in L2(Ω) and u(t) := e−tLV u0, t ≥ 0. Then
1. u(t) is a nonnegative global solution of problem (1.1). Furthermore it satisfies
Duhamel’s formula
u(t) = e−tL0u0 +
∫ t
0
e−(t−s)L0(u(s)V ) ds, ∀ t ≥ 0. (2.11)
2. For every t > 0, ∂u
∂t
∈ L∞(Ω) and
‖
∂u
∂t
‖L∞(Ω) ≤
C
t
d
2α
(2
t
+ ‖V ‖L∞(Ω)
)
‖u0‖L2(Ω). (2.12)
Proof. Obviously EΩ is closed and hence we associate to it in a unique manner a selfadjoint
operator which we denote by LV . From the relationship between forms and semigroups
we infer that e−tLV , t ≥ 0 is strongly continuous and we learn from [Kat95, Theorem
1.24, p.492] that e−tLV , t > 0 is holomorphic. Thereby u(t) = e−tLV u0, t ≥ 0 enjoys the
following properties
u(t) ∈ D(LV ) = D(L0), u ∈ C
(
[0,∞), L2(Ω)
)
∩ C1
(
(0,∞), L2(Ω)
)
, (2.13)
and by [Kat95, Remark 1.21, p.492] u(t) solves the equation (in the classical sense)


−
∂u
∂t
= L0u− V u, ∀ t > 0, a.e. x ∈ Ω,
u(t, ·) = 0, on Ωc, ∀ 0 < t < T ≤ ∞
u(0, x) = u0(x), for a.e. x ∈ Ω,
(2.14)
Thus multiplying by a test function and integrating we obtain that u(t) is a solution of
the heat equation in the sense of Definition 2.1.
The fact that u satisfies Duhamel formula is well known fact from the semigroup theory.
It remains to prove that u is in fact nonnegative.
We observe that for every f ∈ W
α/2,2
0 (Ω), |f | ∈ W
α/2,2
0 (Ω) and since EΩ is a Dirichlet form
it holds that EV [|f |] ≤ EV [f ]. Thus the semigroup e−tLV , t ≥ 0 is positivity preserving.
Finally making use of Duhamel formula and recalling that pt > 0 on Ω × Ω we conclude
that u(t) is nonnegative.
Let us prove the second assertion. Let t > 0. Then
∂u
∂t
= −LV e
−tLV u0 = −e
−t/2LV LV e
−t/2LV u0. (2.15)
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Making use of Feynman-Kac formula we obtain that e−tLV , t > 0 maps continuously
L2(Ω) into L∞(Ω) together with the estimate
‖e−t/2LV ‖L2,L∞ ≤
C
td/2α
et/4‖V ‖L∞ . (2.16)
We thereby achieve
‖
∂u
∂t
‖L∞(Ω) ≤ ‖e
−t/2LV ‖L2,L∞‖LV e
−t/2LV ‖‖u0‖L2(Ω). (2.17)
Making use of the spectral theorem we obtain ‖LV e
−t/2LV ‖ ≤ 2
t
+ ‖V ‖L∞(Ω). Finally
putting all together we obtain the upper bound (2.12).
From now on, we set Vk := V ∧k and we denote by (Pk) the heat equation corresponding
to the Dirichlet fractional Laplacian perturbed by −Vk instead of −V :
(Pk) :


−
∂u
∂t
= L0u− Vku, in (0, T )× Ω,
u(t, ·) = 0, on Ωc, ∀ 0 < t < T ≤ ∞,
u(0, ·) = u0, ∈ Ω,
(2.18)
Denote by Lk the selfadjoint operator associated to the closed quadratic form EΩ − Vk
and uk(t) := e
−tLku0, t ≥ 0 the solution of problem (Pk) given by Proposition 2.1. Then
uk satisfies Duhamel’s formula:
uk(t, x) = e
−tL0u0(x) +
∫ t
0
∫
Ω
pt−s(x, y)uk(s, x)Vk(y) dy ds, ∀ t > 0 (2.19)
where pt, t > 0 is the heat kernel of the operator e
−tL0 .
The following properties of the sequence (uk) are crucial for the later development of the
paper.
Lemma 2.1. i) The sequence (uk) is increasing.
ii) If problem (1.1) has a nonnegative solution u then uk ≤ u, ∀ k. Moreover limk→∞ uk
is a nonnegative solution of problem (1.1) as well.
Proof. i) By Duhamel’s formula, one has
uk+1(t)− uk(t) = e
−tLk+1u0 − e
−tLku0 =
∫ t
0
e−(t−s)Lke−sLk+1(u0Vk+1 − u0Vk)(s) ds
≥ 0. (2.20)
ii) We follow an idea of Goldstein–Goldstein–Rhandi [GGR12, Prop.4.1]. Let u be as
stated in the lemma, 0 < t < T be fixed and φ be positive test function such that
6
Supp φ ⊂ [0, t]× Ω.
From the definition of a solution we infer∫ t
0
∫
Ω
(uk(s)− u(s))(−φs(s) + L0φ(s)− Vkφ(s)) ds dx =
∫ t
0
∫
Ω
uφ(Vk − V ) ds dx
≤ 0. (2.21)
Let ψ ∈ C∞c
(
(0, t)×Ω
)
be nonnegative and consider the parabolic problem: find a positive
test function φ solving the equation
−
∂φ
∂s
= −L0φ+ Vkφ+ ψ in (0, t)× Ω, φ(t, ·) = 0. (2.22)
Then the latter problem has a positive solution which is given by (see [Kat95, Theorem
1.27, p.493])
φ(s) =
∫ t−s
0
e−(t−s−ξ)(L0−Vk)ψ(t− ξ) dξ, 0 ≤ s ≤ t, φ(s) = 0, ∀ s > t, (2.23)
Plugging into equation (2.21) yields
∫ t
0
∫
Ω
(uk − u)ψ ds dx ≤ 0, ∀ 0 ≤ ψ ∈ C
∞
c
(
(0, t)× Ω
)
. (2.24)
As t is arbitrary we obtain uk ≤ u.
Let us prove that the limit of the sequence (uk) is a nonnegative solution.
Set u∞ := limk→∞ uk. Obviously u∞(t, ·) = 0 a.e. on Ω
c for every t ∈ (0, T ). On the other
hand we have by the first step of (ii), 0 ≤ u∞ ≤ u and therefore
u∞ ∈ L
2
loc
(
(0, T ), L2loc(Ω)
)
∩ L1loc
(
[0, T )× Ω, dt⊗ V dx
)
.
Being solution of the heat equation (Pk), the uk’s satisfy: for every 0 ≤ t < T , and every
test function φ,
∫
Ω
(
(ukφ)(t, x)− u0(x)φ(0, x)
)
dx+
∫ t
0
∫
Ω
uk(s, x)
(
− φs(s, x) + L0φ(s, x)
)
dx ds
=
∫ t
0
∫
Ω
uk(s, x)φ(s, x)Vk(x) dx ds. (2.25)
By dominated convergence theorem we conclude that u∞ satisfies equation (2.8) as well,
which ends the proof.
The following lemma is inspired from the ’gradient’ case where integration by parts is
used. It extends without major difficulties for abstract nonlocal Dirichlet forms.
Lemma 2.2. Let uk be the nonnegative solution of the approximate problem (Pk) and
φ ∈ W
α/2,2
0 (Ω) ∩ L
∞ which support lies in Ω. Then φ
2
uk
∈ W
α/2,2
0 (Ω) and
EΩ(uk,
φ2
uk
) ≤ EΩ[φ]. (2.26)
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Proof. It suffices to give the proof for positive φ. Let φ ≥ 0 and uk be as specified in
the lemma. As EΩ is a Dirichlet form, to prove the first part it suffices to prove that
φ
uk
∈ W
α/2,2
0 (Ω) ∩ L
∞.
Clearly for every compact subset K ⊂ Ω there is a constant κk > 0 such that uk ≥ κk on
K and then φ
uk
∈ L∞. To show that the latter function has finite energy we shall proceed
directly.
An elementary computation yields
φ(x)
uk(x)
−
φ(y)
uk(y)
= φ(x)
( 1
uk(x)
−
1
uk(y)
)
+
1
uk(y)
(
φ(x)− φ(y)
)
=
φ(x)
uk(x)uk(y)
(
uk(y)− uk(x)
)
+
1
uk(y)
(
φ(x)− φ(y)
)
, (2.27)
leading to
( φ(x)
uk(x)
−
φ(y)
uk(y)
)2
≤
2φ2(x)
u2k(x)u
2
k(y)
(
uk(y)− uk(x)
)2
+
2
u2k(y)
(
φ(x)− φ(y)
)2
≤ 2max(
‖φ‖2∞
κ4k
,
1
κ2k
)
[(
uk(y)− uk(x)
)2
+
(
φ(x)− φ(y)
)2]
≤ C
[(
uk(y)− uk(x)
)2
+
(
φ(x)− φ(y)
)2]
. (2.28)
Finally we obtain
EΩ[
φ
uk
] ≤ C
(
EΩ[uk] + EΩ[φ]
)
<∞, (2.29)
yielding that φ
uk
∈ W
α
2
,2
0 (Ω).
We proceed now to prove inequality (2.26). A straightforward computation yields
(uk(x)− uk(y))
(φ2(x)
uk(x)
−
φ2(y)
uk(y)
)
= φ2(x) + φ2(y)
−
uk(x)
uk(y)
φ2(y)−
uk(y)
uk(x)
φ2(x)
= φ2(x) + φ2(y)−
u2k(x)φ
2(y) + u2k(y)φ
2(x)
uk(x)uk(y)
≤ (φ(x)− φ(y))2. (2.30)
Thus
EΩ(uk,
φ2
uk
) =
1
2
A(d, α)
∫
Ω
∫
Ω
(uk(x)− uk(y))(
φ2
uk
(x)− φ
2
uk
(y))
|x− y|d+α
dx dy +
∫
Ω
φ2(x)κΩ(x) dx
≤ EΩ[φ], (2.31)
which was to be proved.
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By the end of this section, we give a technical result dealing about the comparability
of the ground state of the operator L0 that will be needed in the proof of the nonexistence
part.
Lemma 2.3. Set ϕ0 > 0 the normalized ground state of the operator L0 and h(t, x) :=
e−tL0u0(x) for every t > 0 and every x ∈ Ω. Then
h(t, ·) ∼ ϕ0, for every fixed t > 0. (2.32)
Proof. By a result due to Kulczycki [Kul98] the operator e−tL0 , t > 0 is intrinsically
ultracontractive. Hence pt(x, y) ≤ ctϕ0(x)ϕ0(y), which leads to h(t, x) ≤ ctϕ0(x).
The reversed inequality follows from the intrinsic ultracontractivity as well (see [DS84,
p.345]).
3 Existence of nonnegative solutions
Theorem 3.1. Assume that λV0 > −∞. Then the heat equation (1.1) has at least one
nonnegative global solution.
The substance of Theorem 3.1 may be established using [Sto87, Proposition 2.1] or
[Voi86, Proposition 5.7]. However, for the convenience of the reader we shall give an
adapted proof.
Proof. We follow the local case [CM99, GZ03].
Let un(t) = e
−tLnu0, t ≥ 0. By Proposition 2.1 and its proof, un is a global solution of
the approximate problem (Pn) and satisfies
d
dt
‖un‖
2
L2(Ω) = −2(Lnun, un) ≤ −2λ
V
0
∫
Ω
u2n(t, x) dx. (3.1)
The latter inequality is an immediate consequence of the finiteness of λV0 . Hence by
Gronwall’s lemma we achieve the upper estimate
‖un‖L2(Ω) ≤ ‖u0‖L2(Ω)e
−λV0 t, ∀ t ≥ 0. (3.2)
Thus the sequence (un) increases to a nonnegative function u for every t ≥ 0 and a.e.
x ∈ Rd. Furthermore u = 0, a.e. on Ωc and u ∈ L2loc
(
(0,∞), L2(Ω)
)
.
We are in position now to prove that u solves the heat equation (1.1). Indeed, having
Duhamel’s formula for the un’s in hands, we conclude by monotone convergence theorem
that
u(t, x) = e−tL0u0(x) +
∫ t
0
∫
Ω
pt−s(x, y)u(s, y) V dy ds, (3.3)
Since pt > 0, t > 0 on Ω × Ω and is jointly continuous the latter formula implies, that
u ∈ L1loc
(
(0,∞)× Ω, dt⊗ V dx
)
.
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Now utilizing the equation fulfilled by the un’s being solutions of the Pn’s we obtain by
dominated convergence theorem, for every t ≥ 0 and every test function φ,
∫
Ω
uφ|t0 dx+
∫ t
0
∫
Ω
u(t, x)(−φt(t, x) + L0φ(t, x)) dx dt
=
∫ t
0
∫
Ω
u(t, x)φ(t, x)V (x) dx dt. (3.4)
Remark 3.1. For every u0 ∈ L
2(Ω) such that u0 ≥ 0 and every t ≥ 0, we define
Ttu0 := u(t, ·), (3.5)
where u(t, x) is the solution constructed in the latter proof. Then
||Ttu0||L2(Ω) ≤ e
−λV0 t||u0||L2(Ω), ∀ t ≥ 0. (3.6)
Now for each u0 ∈ L
2(Ω) and every t ≥ 0, we set
Ttu0 := Ttu
+
0 − Ttu
−
0 . (3.7)
Then an elementary computation yields
||Ttu0||L2(Ω) ≤ e
−λV0 t||u0||L2(Ω), ∀ t ≥ 0. (3.8)
Thereby, we construct a family of linear selfadjoint operators
Tt : L
2(Ω)→ L2(Ω), u0 7→ Ttu0, (3.9)
such that the operator norm of Tt satisfies
‖Tt‖ ≤ e
−λV0 t, ∀ t ≥ 0. (3.10)
Furthermore the family (Tt)t≥0 satisfies the semigroup property and is strongly continuous.
4 Blow-up of nonnegative solutions
In order to prove the blow-up part we are going first, to establish an estimate for the
integral
∫
lnu, whenever u is a nonnegative solution. Such estimate has an independent
interest and is involved to derive regularity properties for the solutions. Furthermore
we shall use it to give necessary condition for the existence of exponentially bounded
solutions. Its use in our context is inspired from the one corresponding to the Dirichlet
Laplacian (see [CM99, GZ03]).
Theorem 4.1. Assume that u is a nonnegative solution of the heat equation (1.1). Then
for all 0 < t1 < t2 < T , and all Φ ∈ C
∞
c (Ω), we have∫
Ω
Φ2 V dx− EΩ[Φ] ≤
1
t2 − t1
∫
Ω
ln
(u(t2)
u(t1)
)
Φ2 dx. (4.1)
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Proof. Pick a function Φ ∈ C∞c (Ω). Without loss of generality we may and shall suppose
that
∫
Φ2 dx = 1.
Let un(t) be the nonnegative solution of problem (Pn) given by un(t) = e
−tLnu0, t ≥ 0.
We already know that
−
∂
∂t
un(t) = Lnun(t), t > 0. (4.2)
On the other hand by Lemma 2.2 we have Φ
2
un
∈ W
α/2,2
0 (Ω). Thus multiplying the latter
identity by Φ
2
un
and integrating over Ω yields
∫
Ω
Φ2 Vn dx =
∫
Ω
∂un
∂t
Φ2
un
dx+ EΩ(un,
Φ2
un
). (4.3)
Let us recall that from Duhamel formula we derive un(t) ≥
∫
Ω
pt(x, y)u0(y) dy for each
t > 0. Thus from the continuity of pt(x, y), t > 0 in t, x and y together with the fact that
pt > 0 we conclude: for every 0 < a ≤ b <∞ and every compact subset K ⊂ Ω,
inf
a≤t≤b, x∈K
un(t, x) > Cn(K, a, b) > 0. (4.4)
Moreover from estimate (2.12) we infer
sup
a≤t≤b
‖
∂un
∂t
‖L∞(Ω) ≤ Cn(a, b) <∞. (4.5)
The use of these both facts enables us to interchange derivation and integration in(4.3)
to obtain with the help of the energy estimate from Lemma 2.2∫
Ω
Φ2 Vn dx =
d
dt
∫
Ω
(ln un)Φ
2dx+ EΩ(un,
Φ2
un
)
≤
d
dt
∫
Ω
(ln un)Φ
2 dx+ EΩ[Φ]. (4.6)
Hence, integrating between t1 and t2 we achieve,∫
Ω
Φ2 Vn dx− EΩ[Φ] ≤
1
t2 − t1
∫
Ω
ln
(un(t2)
un(t1)
)
Φ2 dx. (4.7)
On the other hand using Lemma 2.1 together with Jensen’s inequality we achieve
−∞ <
∫
Ω
ln un(ti) Φ
2dx ≤ ln
( ∫
Ω
un(ti) Φ
2dx
)
≤ ln
( ∫
Ω
u(ti) Φ
2dx
)
<∞, i = 1, 2.(4.8)
Finally, we pass to the limit and use monotone convergence theorem to obtain inequality
(4.1), which finishes the proof.
On the light of Theorem 3.1 together with Theorem 4.1, we get a necessary and suffi-
cient condition for the existence of a nonnegative exponentially bounded global solution,
i.e. a nonnegative global solution such that there is C > 0, ω ∈ R with
‖u(t)‖L2(Ω) ≤ Ce
ωt, ∀ t > 0. (4.9)
Let us mention that the following proposition was also proved in [KLVW, Theorem 4.2],
in a more general context, however with a different proof.
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Proposition 4.1. The heat equation (1.1) has a nonnegative exponentially bounded global
solution if and only if λV0 > −∞.
Proof. We have already established the sufficiency part in Theorem 3.1.
Conversely, assume that equation (1.1) has a nonnegative solution u such that
‖u(t)‖L2(Ω) ≤ Ce
ωt, ∀ t > 0.
Choosing in Theorem 4.1 t2 = t > t1 = 1, Φ ∈ C
∞
c (Ω) with
∫
Φ2 dx = 1 and apply
Jensen’s inequality leads to
∫
Ω
Φ2 V dx− EΩ[Φ] ≤
1
t− 1
ln
( ∫
Ω
u(t)Φ2 dx
)
−
1
t− 1
∫
ln(u(1))Φ2 dx
≤
ln(Cewt)
t− 1
+
ln(‖Φ4‖L2(Ω))
t− 1
−
1
t− 1
∫
ln(u(1))Φ2 dx. (4.10)
Letting t→∞, yields λV0 > −∞.
We are in position yet, to give a condition ensuring absence of nonnegative solution
as well as instantaneous blow up.
Theorem 4.2. Assume that λ
(1−ǫ)V
0 = −∞ for some ǫ > 0. Then the heat equation (1.1)
has no nonnegative solution. Moreover all nonnegative solutions blow up completely and
instantaneously, i.e.: limn→∞ un(t, x) = ∞ for every t > 0 and every x ∈ Ω, where un is
the solution of (Pn).
Proof. Assume that a nonnegative solution u exists. Relying on Lemma 2.1 we may and
shall assume that u is the increasing limit of the un’s.
Let 0 < ρ ∈ C0(Ω) (the space of continuous functions on Ω vanishing on ∂Ω) be such that
ln ρ ∈ Lp(Ω) for any p > 1.
Claim: There exists at most one point t1 ∈ (0, T ) such that u(t1, ·)ρ ∈ L
1(Ω). Indeed,
suppose that the contrary holds true. Then there exist t1, t2 ∈ (0, T ) such that t2 > t1
and for i = 1, 2 u(ti, ·)ρ ∈ L
1(Ω).
For a small η > 0, set
Ωη : = {x ∈ Ω: δ(x) := dist(x,Ω
c) ≥ η}. (4.11)
Note that u(ti, x)ρ(x) ≥ c > 0 when x ∈ Ωη for some c depending on ti and η. Thus using
Jensen’s inequality twice we first get that ln(u(ti, ·)ρ) ∈ L
1(Ωη) and then
∫
Ωη
∣∣ ln (u(ti, x)ρ(x))∣∣pdx <∞. (4.12)
Now we decompose the set Ω \ Ωη into:
Ω \ Ωη = S1 ∪ S2 (4.13)
= {x ∈ Ωcη : u(ti, x)ρ(x) ≥ m} ∪ {x ∈ Ω
c
η : u(ti, x)ρ(x) < m}. (4.14)
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Observing that lnp s is a concave function of s, for s ≥ ep−1, we choose m sufficiently large
and apply Jensen’s inequality on S1, to derive that, for any p > 1,∫
S1
| ln
(
u(ti, x)ρ(x)
)
|p dx ≤ C lnp
( ∫
S1
u(ti, x)ρ(x) dx
)
<∞. (4.15)
For x ∈ S2, we have
m > u(ti, x)ρ(x) =
[ ∫
Ω
pti(x, y)u0(y)dy (4.16)
+
∫ ti
0
∫
Ω
pti−s(x, y)u(y, s) V dy ds
]
ρ(x)
≥
∫
Ω
pti(x, y)u0(y)dyρ(x) (4.17)
: = h(ti, x)ρ(x), i = 1, 2. (4.18)
Thus
lnm ≥ ln
(
u(ti, x)ρ(x)
)
= ln
(u(ti, x)ρ(x)
h(ti, x)ρ(x)
)
+ ln
(
h(ti, x)ρ(x)
)
≥ ln
(
h(ti, x)ρ(x)
)
, (4.19)
leading to the estimate
| ln(u(ti, x)ρ(x))| ≤ | lnm| + | ln(h(ti, x)ρ(x))|, i = 1, 2. (4.20)
As Ω is a Lipschitz domain, it is known that (see [BBK+09, p. 78]) there are constants
C > 0, γ > 0 depending solely on Ω and α such that
ϕ0 ≥ Cδ
γ. (4.21)
Thus by Lemma 2.3 together with the lower bound (4.21), the p-integrability of the
function ln[h(ti, x)ρ(x)] reduces to the p-integrability of ln δ(x).
Let us recall the known fact (see [DZ94, Theorem 3.3]) that the distance function δ is a.e.
differentiable and that |∇δ| = 1, a.e. on Ω. Making use of the generalized coarea formula
(see [EE04, Theorem 1.2.6, p.5]), we obtain
∫
S2
| ln δ(x)|p|∇δ(x)| dx =
∫
S2
| ln δ(x)|p dx =
∫ R
0
∫
S2∩{δ=t}
| ln t|p dHd−1(x) dt
≤ C
∫ R
0
| ln t|p dt <∞, for any p > 1, (4.22)
where R and C are finite constants. Therefore ln(u(ti, ·)ρ) ∈ L
p(Ω), i = 1, 2.
Now we conclude that
ln
u(t2, ·)
u(t1, ·)
= ln
(
u(t2, ·)ρ(·)
)
− ln
(
u(t1, ·)ρ(·)
)
∈ Lp(Ω), ∀ p > 1. (4.23)
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On the other hand it is well known that, being in the space Lp(Ω) for p > d/α, the
function ln u(t2,·)
u(t1,·)
is in fact in the Kato class and whence it satisfies the following: For any
r > 0, there exists C(r) > 0 such that
1
t2 − t1
∫
Ω
ln
u(t2, x)
u(t1, x)
Φ2(x) dx ≤ rEΩ[Φ] + C(r)
∫
Ω
Φ2(x) dx, ∀Φ ∈ C∞c (Ω). (4.24)
Having inequality (4.1) in hands, we achieve
∫
Ω
Φ2(x)V dx− EΩ[Φ] ≤ rEΩ[Φ] + C(r)
∫
Ω
Φ2(x) dx, ∀Φ ∈ C∞c (Ω). (4.25)
Therefore for every Φ ∈ C∞c (Ω) such that
∫
Ω
Φ2 dx = 1, we have
−C(r)
1 + r
≤ EΩ[Φ]− (1 + r)
−1
∫
Ω
Φ2 V dx. (4.26)
Whence
λ
(1+r)−1V
0 > −∞, ∀ r > 0, (4.27)
which contradicts the assumption of the theorem and the claim is finally proved.
Given x ∈ Ω and t ∈ (0, T ), we take ρ = ρ(y) = p t
2
(x, y). Owing to the sharp estimate of
Lemma 2.3 together with the lower bound (4.21), we conclude that ln ρ ∈ Lp(Ω) as was
the case for h.
On the other hand from the properties of the heat kernel for the Dirichlet fractional
Laplacian, we have ρ(y) > 0 for any y ∈ Ω.
If there is no s ∈ (0, t
2
] such that ρ(·)u(s, ·) ∈ L1(Ω), then by using Duhamel’s principle,
we have
u(t, x) = e−
t
2
L0u(
t
2
, x) +
∫ t
t
2
∫
Ω
ps(x, y)u(s, y)V (y) dyds
≥ e−
t
2
L0u(
t
2
, x)
=
∫
Ω
p t
2
(x, y)u(
t
2
, y) dy =
∫
Ω
ρ(y)u(
t
2
, y) dy =∞. (4.28)
In case s ∈ (0, t
2
] is the only point such that ρ(·)u(s, ·) ∈ L1(Ω), making use of Duhamel’s
principle once again, we obtain
u
((t+ s)
2
, x
)
≥
∫
Ω
p t
2
(x, y)u(
s
2
, y) dy =
∫
Ω
ρ(y)u(
s
2
, y) dy =∞. (4.29)
From the intrinsic ultracontractivity property for the semigroup e−tL0 , we derive that for
every x ∈ Ω, every r > 0 such that Br(x) ⊂ Ω, every z ∈ Br(x), and every small γ > 0,
there is a constant c = c(t, γ, r) such that
p t+γ
2
(z, y) ≥ cp t
2
(x, y), ∀ y ∈ Ω. (4.30)
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Indeed
p t+γ
2
(z, y) ∼ ϕ0(z)ϕ0(y) ≥
infBr(x) ϕ0
supBr(x) ϕ0
ϕ0(x)ϕ0(y)
∼ p t
2
(x, y). (4.31)
Making use of the latter claim we achieve, for every z ∈ Br(x):
u(
t+ s+ γ
2
, z) ≥ e−(
t+γ
2
)L0u(
s
2
, z) =
∫
Ω
p t+γ
2
(z, y)u(
s
2
, y) dy
≥ c
∫
Ω
p t
2
(x, y)u(
s
2
, y) dy ≥ c
∫
Ω
ρ(y)u(
s
2
, y) dy =∞. (4.32)
By the semigroup property (or Duhamel’s formula) once again, we obtain
u(t, x) ≥
∫
Ω
p t−s−γ
2
(x, z)u(
t+ s+ γ
2
, z)dz
≥
∫
Br(x)
p t−s−γ
2
(x, z)u(
t + s+ γ
2
, z) dz =∞, (4.33)
as u( t+s+γ
2
, z) = ∞ on Br(x). Since (t, x) is arbitrary, this proves the blow-up and the
proof is finished.
5 Examples
In this section we provide some examples that support the already developed theory.
Lemma 5.1. Assume that there is λ > 1 and a sequence of balls Bk ⊂ Ω such that their
Lebesgue volumes |Bk| ↓ 0 and a sequence (φk) ⊂ C
∞
c (Ω) with Supp φk ⊂ Bk,
∫
φ2k(x) dx =
1, ∀ k such that ∫
φ2k(x) V dx ≥ λEΩ[φk], ∀ k. (5.1)
Then the heat equation (1.1), has no nonnegative solution.
Proof. As a consequence of the condition given in the lemma, there is λ′ > 1 and ǫ ∈ (0, 1)
such that
(1− ǫ)
∫
φ2k(x) V dx ≥ λ
′EΩ[φk], ∀ k. (5.2)
Thus
− EBk [φk] + (1− ǫ)
∫
φ2k(x) V dx ≥ (λ
′ − 1)EΩ[φk] ≥ c|Bk|
−α/d, ∀ k. (5.3)
Hence λ
(1−ǫ)V
0 (Bk) ≤ −c|Bk|
−α/d → −∞, as k →∞. Now observing that
λ
(1−ǫ)V
0 (Bk) ≥ λ
(1−ǫ)V
0 , (5.4)
yields the result.
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Example 5.1. Hardy potential with interior singularity.
Let α < min(2, d), and Ω ⊂ Rd an open bounded subset with Lipschitz boundary and
containing 0. Set Vc(x) =
c
|x|α
, x 6= 0 and c ≥ 0. If 0 ≤ c ≤ c∗ : =
2αΓ2(d+α
4
)
Γ2(d−α
4
)
, then the
heat equation associated to LVc has a nonnegative solution (owing to Hardy’s inequality).
However if c > c∗ then the heat equation has no nonnegative solution. Indeed, owing to
the sharpness of the Hardy’s inequality
∫
Ω
f 2(x)
|x|α
dx ≤
1
c∗
EΩ[f ], ∀ f ∈ W
α/2,2
0 (Ω), (5.5)
there is λ > 1 and a function φ ∈ C∞c (Ω) such that∫
φ2(x)V (x) dx ≥ λEΩ[φ]. (5.6)
By a scaling x = κx′, we may assume that supp φ ⊂ BR(0). Now an elementary compu-
tation shows that the sequence ψk defined by ψk(x) = φ(kx) and Bk := BR/k fulfills the
conditions of Lemma 5.1.
Let us emphasize at this stage, that while for 0 ≤ c < c∗, u(t) ∈ W
α/2,2
0 (Ω), ∀ t > 0, it is
not the case for the critical constant c∗. In fact, according to [BRB13, Theorem 4.2] in
the critical case we have
u(t) ∼ | · |−
d−α
2 δα/2, for large t, where δ(x) = dist(x,Ωc). (5.7)
Using Hardy’s inequality once again we recognize that | · |−
d−α
2 δα/2 /∈ W
α/2,2
0 (Ω).
Example 5.2. Hardy potential with boundary singularity.
Assume that the following Hardy’s inequality holds true
∫
f 2(x)
δα(x)
dx ≤
1
κ
EΩ[f ], ∀ f ∈ W
α/2,2
0 (Ω), (5.8)
with sharp constant 1/κ∗. Take Vκ =
κ
δα(x)
, κ ≥ 0. Arguing as in Example 5.1, we con-
clude that for κ > κ∗, the related heat equation has no nonnegative solution, whereas it
has for κ ≤ κ∗.
According to [CS03, Corollary 2.4], inequality (5.8) is satisfied if d ≥ 2 and α 6= 1.
Let us finally quote that the connection between Kato inequality and existence as well as
nonexistence of positive solutions for the Laplacian on the half-space with boundary sin-
gularity was discussed by Ishige–Ishiwata in [II12]. Similar results to our’s were discovered
in that paper.
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